Generalized Bianchi identities in gauge-natural field 
theories and the curvature of variational principles* 



M. Francaviglia, M. Palese and E. Winterroth 

Department of Mathematics, University of Torino 
via C. Alberto 10, 10123 Torino, Italy 
e-mails: FaANCAVIGLIA@DM.UNITO.IT, PALESE@DM. UNITO.it, EKKEHARTiaDM.UNITO.IT 



Abstract 

By resorting to Noether's Second Theorem, we relate the generalized 
Bianchi identities for Lagrangian field theories on gauge-natural bundles 
with the kernel of the associated gauge-natural Jacobi morphism. A suit- 
able definition of the curvature of gauge-natural variational principles can 
be consequently formulated in terms of the Hamiltonian connection canon- 
ically associated with a generalized Lagrangian obtained by contracting 
field equations. 
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1 Introduction 

To investigate conservation laws for covariant field theories, see e.g. and 
references quoted therein, the general problem has been tackled of coherently 
defining the lifting of infinitesimal transformations of the basis manifolds to the 
bundle of fields (namely bundles of tensor fields or tensor densities which could 
be obtained as suitable representations of the action of infinitesimal space-time 
transformations on frame bundles of a given order |23p. Such theories were also 
called geometric or natural |28| . An important generalization of natural theories 
to gauge fields theories passed through the concept of jet prolongation of a prin- 
cipal bundle and the introduction of a very important geometric construction, 
namely the gauge-natural h\md\e functor |Hll7|. 

Within the above mentioned general program generalized Bianchi identities 
for geometric field theories were introduced to get (after an integration by parts 
procedure) a consistent equation involving divergences within the first variation 
formula. It was also stressed that in the general theory of relativity these iden- 
tities coincide with the contracted Bianchi identities for the curvature tensor of 
the pseudo-Riemannian metric. 

'Partially supported by GNFM of INdAM, MIUR (PRIN 2003) and University of Torino. 
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Curvature of variational principles 



Our general framework is the calculus of variations on finite order fibered 
bundles. Fibered bundles will be assumed to be gauge-natural bundles {i.e. jet 
prolongations of fiber bundles associated to some gauge-natural prolongation of 
a principal bundle P 01 Such geometric structures have been widely rec- 

ognized to suitably describe so-called gauge-natural field theories, i.e. physical 
theories in which right-invariant infinitesimal automorphisms of the structure 
bundle P uniquely define the transformation laws of the fields themselves (see 
e.g. and references quoted therein). We shall in particular consider finite 
order variational sequences on gauge-natural bundles. The gauge-natural lift 
enables one to define the generalized gauge-natural Jacobi morphism where the 
variation vector fields are Lie derivatives of sections of the gauge-natural bundle 
with respect to gauge-natural lifts of infinitesimal automorphisms of the under- 
lying principal bundle P. Within such a picture, as a consequence of the Second 
Noether Theorem, it is possible to relate the generalized Bianchi morphism to 
the second variation of the Lagrangian and then to the associated Jacobi mor- 
phism [51 151 125L I26| . In the case of geodesies in a Riemannian manifold vector 
fields which make the second variation to vanish identically modulo boundary 
terms are called Jacobi fields and they are solutions of a second-order differ- 
ential equation known as Jacobi equation (of geodesies) . The notion of Jacobi 
equation as an outcome of the second variation is in fact fairly more general: 
formulae for the second variation of a Lagrangian functional and generalized Ja- 
cobi equations along critical sections have been already considered (see, e.g. the 
results of [2] and classical refrences quoted therein). In this paper we show that, 
as a consequence of the gauge-natural invariance of the Lagrangian, there exists 
a covariantly conserved current associated with the contraction of the Euler- 
Lagrange morphism with a gauge-natural Jacobi vector field. Such a conserved 
current can be considered as a Hamiltonian for the Lagrangian corresponding 
to such a contraction. The curvature of the variational principle can be then 
defined as the curvature of the corresponding Hamiltonian connection. 



2 Finite order jets of gauge-natural bundles and 
variational sequences 

In this Section we recall some basic facts about jet spaces. We introduce jet 
spaces of a fibered manifold and the sheaves of forms on the s-th order jet space. 
Moreover, we recall the notion of horizontal and vertical differential '171 |27j. 

Our framework is a fibered manifold t: : Y ^ X, with dimX = n and 
dim y = n + m. 

For s > q > integers we are concerned with the s-jet space JgY of s~jet 
prolongations of (local) sections of vr; in particular, we set JqY = Y. We recall 
the natural fiberings tt^ : JgY JqY, s > q, tt" : JgY — > X, and, among these, 
the affine fiberings 7rf_]^. We denote by VY the vector subbundle of the tangent 
bundle TY of vectors on Y which are vertical with respect to the fibering tt. 

Greek indices a, fi, . . . run from 1 to n and they label basis coordinates. 
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while Latin indices run from 1 to m and label fibre coordinates, unless 

otherwise specified. We denote multi-indices of dimension n by boldface Greek 
letters such as a = (ai, . . . , q;„), with < a^, fi = 1, . . . , n; by an abuse of 
notation, we denote by a the multi-index such that = 0, if 7^ cr, = 1, if 
11 = a. We also set \a\:=ai + - ■ ■ + an and a! ai! . . . a„!. The charts induced 
on JgY are denoted by y^), with < |a| < s; in particular, we set jJq = . 
The local vector fields and forms of JgY induced by the above coordinates are 
denoted by (9°) and (d^), respectively. 

For s > 1, we consider the natural complementary fibered morphisms over 
JsY Js-iY (see [131201123): 

V : JsY xTX ^ TJs-iY . d : JsY x TJs-iY VJs-iY , 
with coordinate expressions, for < |q;| < s — 1, given by 

The morphisms above induce the following natural splitting (and its dual): 



JsY X T*Js-iY=[JsY X T*X ®C:_i[r], (1) 
where C* i^imi?* and i9* : J^Y x V*Js-iY-.JsY x T*Js-iY. 

Js-iY Js-iY 

If / : JsY — > iR is a function, then we set Dcf V^f , Da+af ■= D^Daf, 
where D„ is the standard formal derivative. Given a vector field S : J^l^ — > 
TJsY, the splitting O yields S o 7r|+i =Eh + 'E.v where, if S = E'^d^ + S^9f , 
then we have Eh = E^D^ and Ey = (S^ — yl^^^E'^)d" . We shall call Eh and 
Ev the horizontal and the vertical part of S, respectively. 

The splitting ^ induces also a decomposition of the exterior differential on 
Y, (tTs-i)* o d = dn + dy, where dn and dy are defined to be the horizontal 
and vertical differential. The action of dn and dy on functions and 1-forms on 
JgY uniquely characterizes dH and dy (see, e.g., [2111211 for more details). A 
protectable vector field on Y is defined to be a pair (u,^), where u : Y TY 
and ^ : X — > TX are vector fields and u is a fibered morphism over ^. If 
there is no danger of confusion, we will denote simply by m a projectable vector 
field {u,£). A projectable vector field (w,C) can be conveniently prolonged to 
a projectable vector field (jsW,^); coordinate expression can be found e.g. in 

[13 123 123- 

2.1 Gauge-natural bundles 

Let P ^ X he a principal bundle with structure group G. Let r < A: be integers 
and W''-''^P := J^P x Lk{X), where Lk{X) is the bundle of /t-frames in X 

mini, T^'-''''''G := JrG GLk{n) the semidirect product with respect to the 
action of GLk{n) on J^G given by the jet composition and GLk{n) is the group 
of /c-frames in J?". Here we denote by JrG the space of (r, n)-velocities on G. 
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Curvature of variational principles 



The bundle W^^' ' P isa principal bundle over X with structure group W^^" 'G. 
Let F be any manifold and ( : W'-'''^^G x F ^ F he a left action of W^'^-'^'G 

on F. There is a naturally defined right action of W''^'''^G on w''^'''^P x F so 
that we can associate in a standard way to w''^''^''P the bundle, on the given 
basis X, Y(; := W^'^^'^^P F. 

Definition 1 We say {Y^, X,tt^;F,G) to be the gauge-natural bundle of order 
(r, k) associated to the principal bundle w''^'''^P by means of the left action ( 
of the group VF(''''=)G on the manifold F H [TT]. □ 

Remark 1 A principal automorphism <1> of W^^''''^ P induces an automorphism 
of the gauge-natural bundle by: 

^^■.Y^^Y^: [0-7, /]c - [*0T7, fkt)J]c > (2) 

where f ^ F and [■, -J^ is the equivalence class induced by the action (. □ 

Definition 2 We define the vector bundle over X of right -invariant infinitesi- 
mal automorphisms of P by setting A — TP/G. 

We also define the vector bundle over X of right invariant infinitesimal au- 
tomorphisms of W^''-''^P by setting A^''''''^ ■.^TW^''-''^ P /W^''-''^ G (r < k). 

□ 

Denote by Tx and ^('"''^^ the sheaf of vector fields on X and the sheaf of 
right invariant vector fields on VF^'^'^^-'P, respectively. A functorial mapping is 
defined which lifts any right-invariant local automorphism (<i>, 0) of the principal 
bundle W^'^'^'^P into a unique local automorphism (<i>^,0) of the associated 
bundle 1^^. Its infinitesimal version associates to any S e A'^'^'''^ projectable 
over ^ G 7x, a unique projectable vector field S :— ©(S) (the gauge-natural lift) 
on Y(^ in the following way: 

e:Y^xA^^^''^-^TY^:iy,E)^E{y), (3) 

where, for any y G Y<^, one sets: S(y) — ^[(<i>ct)(y)]t=o, and denotes the 
(local) fiow corresponding to the gauge-natural lift of $t. 
This mapping fulfils the following properties (see jl7]): 

1. © is linear over idy^; 

2. we have Ttt^ o (3 — idxx ° Tt'^^'^\ where the natural projection 
Yr X ^('^■'^•) ^ TX; 

X 

3. for any pair (A,S) e we have (5([A,S]) = [©(A), ©(S)]. 
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2.2 Lie derivative 

Definition 3 Let 7 be a (local) section of Vij, S £ A'^^'''^ and S its gauge- 
natural lift. Following |17j we define the generalized Lie derivative of 7 along 
the vector field S to be the (local) section £-^'y : X VYf^, given by £37 = 
o ^ — S o 7. □ 

Remark 2 The Lie derivative operator acting on sections of gauge-natural bun- 
dles satisfies the following properties: 

f. for any vector field S £ A''^''^\ the mapping 7 1-^ £37 is a first-order 
quasilinear differential operator; 

2. for any local section 7 of Yi^, the mapping S 1-^ i^H7 is a linear differential 
operator; 

3. we can regard £^ : JiYq ^ morphism over the basis X. By 
using the canonical isomorphisms VJgY,^ ~ JgVYi^ for all s, we have 
"'-stisT] = Js["Ch7]i fo'^ (local) section 7 of 1^^ and for any (local) 
vector field S g"!^^'^'''). 

□ 



2.3 Variational sequences 

For the sake of simplifying notation, sometimes, we will omit the subscript C, so 
that all our considerations shall refer to 1^ as a gauge-natural bundle as defined 
above. 

Remark 3 According to I20L 1^ , the fibered splitting yields the sheaf 
splitting Ti.^^^-^ = ©^^q s) '^^s+i' which restricts to the inclusion Af 

C 0^^o ^''^*'s A H'^'s^i, where A,7i,C are respectively sheaves of differential, 
horizontal and contact forms in the sense of ^ni> H^'s+i ■— '*(^f ) for < p < n 
and the surjective map h is defined to be the restriction to Af of the projection 
of the above splitting onto the non-trivial summand with the highest value of t 
(see e.g. [251 125) for notation). □ 

By an abuse of notation, let us denote by d ker h the sheaf generated by the 
presheaf d ker /i in the standard way. We set 8* := ker/i -I- dker/i. 

In it was proved that the following sequence is an exact resolution of 
the constant sheaf My over Y: 

o^My^A'^h Al/el ^ Al/el ^ . . . ^ Ai/ei ^ Af+i ^ o 

Definition 4 The above sequence, where the highest integer / depends on the 
dimension of the fibers of JsY —> X (see, in particular, mj), is said to be the 
s-th order variational sequence associated with the fibered manifold Y ^ X . 

□ 
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Curvature of variational principles 



For practical purposes we shall limit oursclf to consider the truncated vari- 
ational sequence: 

where, following 29^, the sheaves Vf :=C|'-" A W'^+i//i(dker /i) with 0<p< 
n + 2 are suitable representations of the corresponding quotient sheaves in the 
variational sequence by means of sheaves of sections of tensor bundles. 

Let a e AH"'^+i C V^^^ . Then there is a unique pair of sheaf morphisms 
([13111 123) 

such that {n'^'^^Ya ~ Ea — Fa and Fa is locally of the form Fa = dnPa, with 
Let ri eCl A C^^ A W'i'+i C V"^^^; then there is a unique morphism 

such that, for all S : 1^ ^ VY, -Ej^sj,, = C|(j'2sS® iiT,,), where C| stands for 
tensor contraction on the first factor and J denotes inner product (see |18l \29\ ). 
Furthermore, there is a unique pair of sheaf morphisms 

such that (7r^^i[^)*77 = Hj, ~ G,, and iJ,, = ^A{Kf,), where A stands for 
antisymmetrisation. Moreover, is locally of the type Grj — dH%, where 
e Cf2,-i,.-i) AH"-i2.; hence [r;] = 

Remark 4 A section A £ V" is just a Lagrangian of order (s+1) of the standard 
literature. Furthermore f„(A) G V""*"^ coincides with the standard higher order 
Euler-Lagrange morphism associated with A. □ 

3 Variations and generalized Jacobi morphisms 

We recall some previous results concerning the representation of generalized 
gauge-natural Jacobi morphisms in variational sequences and their relation with 
the second variation of a generalized gauge-natural invariant Lagrangian. We 
consider formal variations of a morphism as multiparameter deformations and 
relate the second variation of the Lagrangian A to the Lie derivative of the 
associated Euler-Lagrange morphism and to the generalized Bianchi morphism; 
see |2S1 for details. 

p 

Definition 5 Let n -.Y ^ X he any bundle and let a : JgY —^ f\T*JgY and 
Lj^E.k be the Lie derivative operator acting on differential fibered morphism. 
Let Sfc, 1 < < «, be (vertical) variation vector fields on Y in the sense of 
|51 1^ 1121 125| . We define the i-th formal variation of the morphism a to be the 
operator: 5^ a — Lj^Si ■ ■ ■ Lj^^.a. 
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Remark 5 Let a G (V,")y. 

We have S'[a] -.^[d'a] = [Ls, . . . L^M ^ ^s. ■ ■ ■ ^Hi N- □ 
Definition 6 We call the operator the i-th vertical variational derivative. 

□ 

As a consequence of the Second Noether Theorem (see e.g. 01]), the 
following characterization of the second variational vertical derivative of a gen- 
eralized Lagrangian in the variational sequence holds true. 

Proposition 1 Let A G (V")y and let "E. be a variation vector field; then we 
have 

^'A - [£„(j2sSjMA) + ClU2s^(E>K^,dSx)] ■ (6) 

3.1 Generalized gauge-natural Jacobi morphisms 

Let now specify Y to be a gauge-natural bundle and let S = ©(S) be a variation 
vector field associated to some S G A^'''. Let us consider js'^v, the vertical 
part according to the splitting We shall denote by js'^v the induced section 
of the vector bundle _4('"+''''=+s). The set of all sections of this kind defines a 
vector subbundle of JsA^^'''\ which by a slight abuse of notation (since we are 
speaking about vertical parts with respect to the splitting Q), we shall denote 
by VJsA^'''''\ 

By applying an abstract result due to Kolaf, see concerning a global 
decomposition formula for vertical morphisms, and by using Proposition ^ we 
can prove the following. 

Lemma 1 Let X be a Lagrangian and Sy a variation vecrtor field. Let us 
set x(A,6(S)y) :^Cl{j2s'^^Khdc^ a) = E a^^dc- ^ x- Dh be the 

horizontal differential on J4^sYr x VJ^sA'^^'''^ Then we have: 

X 

K'Si)*X(A, 6(S)y) = i?x(A,6(H).) + ^x(A,0(H).) , (7) 

where 

E^(xM^)v ■ -hsY^ X VJisA^^''^^ ^ Co*[^(^''=)]®Co*[^('^''=)] A (AT*X) , 
and locally -F;^(a,0(h)v) = -C'hMx(a,«(H)v) 

M^ixMSW) ■■ J^sYc X VJ,sA^-^^ -> C*,_,[A^'^'^]®C*[A-^^] A ("aV*X) . 

Proof. As a consequence of linearity properties of both x(A, S) and the Lie 
derivative operator £ we have x(A, 6(S)y) : Jj^Y^; x yja^^^*^'*^) -> qj^('^^'=)](g) 

Q[A'^'''''^ A (f\T*X) and Dhx{K*&{^)v) = 0. Thus Kolar's decomposition 
formula can be applied. \QEn\ 
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Curvature of variational principles 



Definition 7 We call the morphism J'{X,(8{E)v) ■= ^'x(A,e(§)v) 90-uge- 
natural generalized Jacobi morphism associated with the Lagrangian A and the 
variation vector field S (it depends on the gauge-natural lift ©(S)y). Coordinate 
expressions can be found e.g. in j25| . D 

The morphism J'{X,&{E)v) is a linear morphism with respect to the pro- 
jection Ja^sY)^ X VJisA^^''^^ J4sl"(j. We have then (see [SS]) the following. 

Theorem 1 Let S^X be the variation of X with respect to vertical parts of gauge- 
natural lifts of infinitesimal principal automorphisms. We have: 

&{E)v\£n{&{^)v\£nW) = Six = £,,{@{E)v\h{d6X)) . (8) 

Proposition 2 Let X G V" be a gauge-natural Lagrangian and (S,^) a gauge- 
natural symmetry of X. Then we have = —£2\£n{^) + dH{^js£§,\Pdv\'^^\^)- 

(See e.g. for geometric field theories and, in particular, jlOl \'2Q\ ). 
3.2 Bianchi morphism and curvature 

Generalized Bianchi identities for field theories are necessary and (locally) suf- 
ficient conditions for the Nocther conserved current e = —js£s.\PdvX + £,\X to 
be not only closed but also the divergence of a skew-symmetric (tensor) density 
along solutions of the Euler-Lagrange equations (see e.g. \'2H\). 
Let now A be a gauge-natural Lagrangian. We set 

u;{X,<3{E)v) = £s\£nW ■■ J2sn ^C2*,[^('-^'=)]®Co*[^('^'^-)] A (AT*X) . (9) 

The morphism cj(A, (5(S)v') so defined is a generalized Lagrangian associated 
with the field equations of the original Lagrangian A . It has been consid- 
ered in applications e.g. in General Relativity (see j7 and references quoted 
therein). We have Dhuj{X, ©(S)y) = and by the linearity of £ we can regard 
uj{X,e{E)v) as the extended morphism w(A,©(S)y) : Ja^F^ x VJ2sA^''^''^) 

qjyl(''''=)](g)C2*^[^(''''=)](g)C(;[yt('^''^')] A (AT*X). Thus we can state the following 

ESI. 

Lemma 2 Let a;(A, C5(5)v) be as above. Then we have globally 
«+i)*^(A, e{E)v) - /3(A, (5(S)v) + , 

where 

/3(A,(»(S)v)EEi?^(,^g(S)^): (10) 
JisYc X VJisA'-'-^^'^ -> CUA<-''-''^](E)Q[A^'--''^(E)Q[A^'--''^ A (AT*X) (11) 
and, locally, F^(a,©(h)v) = -^ff Af^(^ ^(s)^), with 

M^(X.,&{B.)v) '■ 

Jis-iYc X VJis-iA^'^''''^ C2*J^(''''^')]®C2*,_i[^(''''=)]®Co*[^(''''=)] A ("aV*X) . 



M. Francaviglia, M. Palese and E. Winterroth 



9 



Definition 8 We call the global morphism /3(A, (S(S)y) := £^a;(A,©(H)v) the gen- 
eralized Bianchi morphism associated with the Lagrangian A and the variation 
vector field S. □ 

Remark 6 For any (S,^) e A''^'''\ as a consequence of the gauge-natural in- 
variance of the Lagrangian, the morphism /3(A, ©(S)y) = £„(a;(A, <S{E)v)) is Zo- 
ca/Zy identically vanishing. We stress that these are just local generalized Bianchi 
identities I . D 

Let A be the kernel of J'(A, (5(S)y). As a consequence of the considerations 
above we have the following result j25j . 

Theorem 2 The generalized Bianchi morphism is globally vanishing for the 
variation vector field S if and only if i5gA = J7{X, C5(S)v) — 0, i.e. if and only 
z/6(s)y e j^. 

From now on we shall write uj{\,^) to denote uj{X,<8{E)v) when fi5(S)y 
belongs to Analogously for /3 and other morphisms. 

As we already recalled, the classical Jacobi equation for geodesies of a Rie- 
mannian manifold defines in fact the Riemann curvature tensor of the metric g; 
because of this it was suggested in ^ that the second variation and the gener- 
alized Jacobi equations define the 'curvature' of any given variational principle. 
This general concept of 'curvature' takes, for example, a particularly significant 
form in the case of generalized harmonic Lagrangians, giving rise to suitable 
'curvature tensors' which satisfy suitable 'generalized Bianchi identities' P]. Fol- 
lowing this guideline, we shall provide a definition of the curvature of a given 
gauge-natural invariant variational principle. 

First of all let us make the following important consideration. 

Proposition 3 For each S e A^^''^^ such that Ey G ii, we have 

C^^^^u;{X,A) = -DHi-js£EjPD^u.(x,ii)) ■ (12) 

Proof. The horizontal splitting gives us £j^^uj{X,R) = Cj^§^^ui{X, + 
^j,Sv^('^'^)- Furthermore, a;( A, j^) = -£2\£niX) = Cj^2^-dHi-js£s\Pdv\+ 
^JA); so that 

On the other hand we have 

Recall now that from the Theorem above we have Sy G .S if and only if 
P{X,R) = 0. Since 

^j,E:v^(A,-<^) = -•^HvJ^"(^(A,-'?)) + DH{-js£B.v\PDv^(^..A)) = 
= P{X,^) + DH{-3s£B.v\PDv'^(\Si)) , 
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Curvature of variational principles 



we get the assertion. □ 

It is easy to realize that, because of the gauge-natural invariance of the 
generalized Lagrangian A, the new generalized Lagrangian u!{X,R) is gauge- 
natural invariant too, i.e. Cj^^^i^T ^) — 0- 

Even more, we can state the following. 

Proposition 4 Let Sy e ^. We have 

=0. (13) 
Proof. In fact, when Sv G .ft, since £j_^2^,w(A, .ft) = Sv]Jf„(A) -|- 
'E.v\Cj^^^,En{X) — 0, we have 

= C^^s^iX, = /:,,Hv^(^. ^) + ^jssM>', ^) = ^j.H„^(A, i?) . (14) 

\QED\ 

As a quite relevant byproduct we get also the following (this result can be 
compared with '3'). 

Corollary 1 Let G .ft. We have the covariant conservation law 

DH{-js£E^\PDyu,i\,ii)) = . (15) 



Proof. 



= £,^H„cc>(A,J^) = -/3(A,il) 



Definition 9 We define the covariantly conserved current 

H{X,K) = -js£ \PDvi^(X,M} , (16) 

to be a Hamiltonian form for uj on the Legendre bundle 11 = V*{J2s^c ^ 

VJ2sA^'''''^) A ("aV*X) (in the sense of EB). □ 

Let Q be the multisimplectic form on 11. It is well known that every Hamil- 
tonian form 7i(A,.ft) admits a canonical Hamiltonian connection 7>^(A,.ft) such 
that 7-H(A,.ft)jr2 = dHiXjA). Let then 7->^(A,.ft) be the corresponding Hamilto- 
nian connection form (see 

Definition 10 We define the curvature of the given gauge-natural invariant 
variational principle to be the curvature of the Hamiltonian connection form 

mix, Si). □ 

We claim that the Euler-Lagrange and the generalized Jacobi equations 
for A can be related with the zero curvature equations for the Hamiltonian 
connection form 7>^(A,.ft). According to 'T,'^,W, they must be, in fact, the 
Lagrangian counterpart of Hamilton equations for the Lagrangian u; obtained 
by contracting Euler-Lagrange equations with Jacobi variation vector fields. 
Investigations are in progress and results will appear elsewhere |13| . 
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